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Abstract
The following theorem about triangles in the Euclidean plane is attributed to Napoleon:
Let A=A1A2A3 be a triangle in the Euclidean plane and B=B1B2B3 be the triangle whose
vertices are the centers of the equilateral triangles all erected externally (or all internally)
on the sides of A. Then B is an equilateral triangle.
Two generalizations of this theorem in Galois planes of odd order are given. The proofs
are based on an algebraic method which was developed by Bachmann and Schmidt (n-Ecke,
Hochschultaschenbucher Verlag, Mannheim, Wein, Zurich, 1970) and Fisher et al. (The Geo-
metric Vein, Springer, New York, 1981, pp. 321{333) to deal with geometry problems. c© 1999
Elsevier Science B.V. All rights reserved.
1. Introduction
There is a theorem about triangles in the Euclidean plane attributed to Napoleon:
Let A=A1A2A3 be a triangle in the Euclidean plane and B=B1B2B3 be the triangle
whose vertices are the centers of the equilateral triangles all erected externally (or
all internally) on the sides of A. Then B is an equilateral triangle.
There are two natural generalizations of this theorem in the Euclidean plane. The
following was rst stated and proved by Barlotti [4]:
Let A=A0A1 : : : An−1 be an n-gon and B=B0B1 : : : Bn−1 be the n-gon whose vertices
are the centers of regular n-gons all erected externally (or all internally) on the
sides of A. Then B is regular if and only if A is ane-regular.
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The second generalization of Napoleon’s theorem comes from Neumann [9]:
Let B(0) = A0A1 : : : An−1 be an n-gon in the Euclidean plane; and let  be any
permutation of the set f1; 2; : : : ; n − 1g: The n-gons B(j) are dened by induction
on j. Let B(j) be the n-gon whose vertices are the centers of the regular n-gons
all erected externally on the sides of B(j−1) such that the sides of B(j−1) are the
(j)-th diagonals of B(j): Then B(n−1) is a point.
For a class of nite planes Ruo and Shilleto [10] proved the following theorem:
Let n be a positive integer and s a primitive nth root of unity such that s belongs
to the quadratic extension of the nite eld GF(q)where q  3 (mod 4). Then the
centers of the shape-regular n-gons with shape s erected on the sides of a given
n-gon A form a shape-regular n-gon with shape s if and only if A is the image
of a shape-regular n-gon with shape s under an anity.
In this paper a generalization of both Barlotti’s and Neumann’s results are given
in any nite plane of odd order. Our main tool is the theory of recursive polygons
which was developed by Bachmann and Schmidt [3] and Fisher et al. [5]. This theory
enables one to shuttle between geometric properties of n-gons and related polynomial
equations. One can translate geometric properties into algebraic forms, then make some
manipulations with the polynomials and nally obtain another equation with a new
geometric content.
2. Regular polygons
Throughout this paper let F=GF(q) be the nite eld of order q where q is a power
of an odd prime p: Let F^=F(i) be the eld extension of F by the root of the equation
x2 − h = 0 where h is a non-square element in F: The elements of F^ can be written
in the form x + yi with x; y 2 F ; and are considered to be points of the nite ane
plane E=AG(2; q); analogous to the Gaussian plane (that is, the Euclidean plane coor-
dinatized by complex numbers). The points of E will be denoted by capital letters, the
corresponding elements of F^ will be denoted by the corresponding lower case letters.
The shape S(uvw) of an ordered triangle (UVW ) of E is dened as S(uvw) =
(u−w)(u−v)−1: Shapes of triangles and of polygons in the euclidean plane have been
studied in [1,7]. Some basic results from these references are: The shape of every trian-
gle is nonreal, and there exist triangles for every non-real complex shape. The shape of
a triangle is invariant under direct similarities (transformations which map z into az+b;
where a 6= 0). The following denitions and theorems come from Artzy and Kiss [2].
2.1. Denition
Let U0; U1; : : : ; Un−1 be n distinct points of E. The ordered n-gon (U0U1 : : : Un−1)
is called shape-regular if S(uk+1ukuk+2) = S(uk+2uk+1uk+3) for all integers k (mod n):
The element s= S(uk+1ukuk+2) is called the shape of the n-gon.
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2.2. Theorem
There exists a shape-regular n-gon with shape s in E if and only if the equation
(−s)n = 1 (1)
has a primitive root in F^ n F .
2.3. Corollary
If there exists a shape-regular n-gon in E then njq2 − 1; but nq− 1:
2.4. Theorem
If (U0U1 : : : Un−1) is a shape-regular n-gon with shape s; then there is a direct sim-
ilarity which maps uj into
u0j =
(−s)j − 1
−s− 1 :
Now we extend our study to another class of regular polygons.
2.5. Denition
Let P0; P1; : : : ; Pn−1 be n distinct points on E. We say that P0P1 : : : Pn−1 is an
ane-regular n-gon if there exists a one-to-one mapping  from the point set
fP0; P1; : : : ; Pn−1g to the set of the vertices of a regular n-gon of the classical
Euclidean plane such that the lines PiPj and PkPl are parallel in E if and only if
the lines (Pi)(Pj) and (Pk)(Pl) are parallel in the classical Euclidean plane.
This denition comes from Korchmaros [6]. He proved in the same paper the fol-
lowing theorem:
2.6. Theorem
There are three basic classes of ane-regular n-gons in E:
 Let G be a subgroup of the multiplicative group of F . If jGj=n; then there exists an
ane-regular n-gon in E which is inscribed into the conic of equation xy−1=0. If
z is any generator element of G and the coordinates of the point Pj are (zj; z−j);
then P0P1 : : : Pn−1 is an ane-regular n-gon.
 Let z be a nonzero element of GF(p)F . Let Pj be the point (zj; z2j2); where
j = 0; 1; : : : ;p− 1. In this case P0P1 : : : Pp−1 is an ane-regular p-gon.
 Those elements of F^ which satisfy the equation x2 − hy2 = 1 form a subgroup H
of the multiplicative group of F^ . Let G be a subgroup of H . If jGj= n; then there
exists an ane-regular n-gon in A which is inscribed into the conic of equation
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x2−hy2−1=0. If z is any generator element of G; zj=xj+yji; and the coordinates
of the point Pj are (xj;yj); then P0P1 : : : Pn−1 is an ane-regular n-gon.
If Q0Q1 : : : Qm−1 is any ane-regular m-gon in E then there exists an anity of
E which maps Q0Q1 : : : Qm−1 into one of the three types of ane-regular polygons
described above.
2.7. Corollary
If there exists an ane-regular n-gon in E then n divides exactly one of the num-
bers p; q− 1 and q+ 1:
3. Recursive polygons
This section contains the basic denitions and theorems about recursive polygons.
This approach originated with Bachmann and Schmidt [3]. Our main references are the
works of Fisher et al. [5,10]; where the reader can nd the proofs of the statements
of this paragraph.
Let A = (A0; A1; : : : ; An−1) be any n-gon in E. For a xed j the lines AiAi+j are
called the jth diagonals of A . Multiplication of an n-gon by xk shall denote a cyclic
shift of the n-gon k places to the left, i.e.,
x2  (A0; A1; A2; : : : ; An−1) = (A2; A3; : : : ; A0; A1):
Geometric properties can be expressed by equations of the form
p(x) A= O; O= (0; 0; : : : ; 0); (2)
where 0 is the origin. For p(x) = xd − cd−1xd−1 −    − c0 Eq. (2) is an abbreviation
for
ai+d = cd−1ai+d−1 + cd−2ai+d−2 +   + c0ai; (3)
where the subscripts are calculated modulo n. Thus the vertices Ad; Ad+1; : : : ; An−1 are
dened recursively by Eq. (3) starting from A0; A1; : : : ; Ad−1:
3.1. Lemma
Let A be an n-gon in E. Then
(xn − 1) A= O:
3.2. Lemma
If (x − 1) A= O then A is a single repeated vertex.
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3.3. Theorem
If
(x − 1)p(x) A= O
and p(1) 6= 0; then A has a translate B which satises p(x) B= O:
3.4. Theorem
A is shape-regular with shape s if and only if
(x − 1)(x − s) A= O:
4. The generalizations of Napoleon’s theorem
First of all the denition of the center of a shape-regular polygon is given.
4.1. Denition
The point c is called the center of the shape-regular n-gon (u1u2 : : : un) if S(cukuk+1)=
S(cuk+1uk+2) for all integers k (mod n):
The notions \n-gons erected externally or internally on the sides of a given
polygon", are meaningless in the nite planes. We would modify Denition 4:1 such
that S(cuk+1uk) = S(cuk+2uk+1): This denition would give the other case of the
original form of Napoleon’s Theorem. There is no real dierence between the two cases,
hence the words \externally" and \internally" will not be used further on.
4.2. Lemma
Any shape-regular n-gon has a unique center.
Proof. Let s be the shape of the shape-regular n-gon (u0u1 : : : un−1): There is a direct
similarity which maps u0 to u00 = 0 and u1 to u
0
1 = 1: By Theorem 2:4 uk goes to
u0k = ((−s)k − 1)=(−s − 1) under this transformation. Equation S(cu00u01) = S(cu01u02)
gives
c =
1
1 + s
:
If c = 1=(1 + s) then elementary calculation gives that S(cu0ku
0
k+1) =−s.
The direct similarity which maps 0 to u0 and 1 to u1; maps 1=(1 + s) to
(su0 + u1)=(1 + s). Thus
su0 + u1
1 + s
=
suk + uk+1
1 + s
is the unique center of the shape-regular n-gon (u0u1 : : : un−1).
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4.3. Theorem
Let A be an n-gon, B(j) be the n-gon whose vertices are the centers of the
shape-regular n-gons with shape s all erected such that the sides of A are the jth
diagonals of B(j). Then
(−1 + (−s)j)B(j) = ((−s)jx − 1)A:
Proof. Elementary calculation gives that the center of the shape-regular n-gon with
shape s erected such that the sides of A are the jth diagonals of B(j) is
(−s)jai+1 − ai
(−s)j − 1 :
The following theorem is the generalization of Neumann’s result:
4.4. Theorem
Let B(0) = A0A1 : : : An−1 be an n-gon in E, and let  be any permutation of the
set f1; 2; : : : ; n − 1g. The n-gons B(j) are dened by induction on j. Let B(j) be the
n-gon whose vertices are the centers of the regular n-gons all erected on the sides of
B(j−1) such that the sides of B(j−1) are the (j)th diagonals of B(j). Then B(n−1) is
a point.
Proof. The previous theorem implies
(−1 + (−s)(j)) B(j) = ((−s)(j)x − 1) B(j−1):
Thus
n−1Y
j=1
((−s)(j) − 1) B(n−1) =
n−1Y
j=1
((−s)(j)x − 1) B(0):
But −s is a primitive nth root of unity, and  is a permutation, hence
n−1Y
j=1
((−s)(j)x − 1) =
n−1Y
j=1
((−s)jx − 1) = x
n − 1
x − 1
and
n−1Y
j=1
((−s)(j) − 1) =
n−1Y
j=1
((−s)j − 1) = c;
where c 6= 0 is a constant. Thus
(x − 1) B(n−1) = c(xn − 1) B(0):
But (xn − 1) B(0) = O by Theorem 3:3. Thus (x − 1) B(n−1) = O; hence B(n−1) is a
single point by Lemma 3:2.
The generalization of Barlotti’s theorem is the following:
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4.5. Theorem
Let A0=A0A1 : : : An−1 be an n-gon in E and let B be the n-gon whose vertices are
the centers of regular n-gons all erected on the sides of A0: Then B is shape-regular
with shape −t if and only if A0 has a translate A which satises
(sx + 1)(x + t) A= O: (4)
Proof. Theorem 4:3 gives
(1 + s) B= (sx + 1) A0:
This means that
(x − 1)(x + t) B= (x − 1)(sx + 1)(x + t)
1 + s
A0:
Theorem 3:4 states that B is shape-regular with shape −t if and only if (x− 1)(x+
t)B=O. Thus B is shape-regular if and only if (x−1)(sx+1)(x+ t) A0=O: Theorem
3:3 states that (sx + 1)(x + t) A is a translate of (x − 1)(sx + 1)(x + t) A0:
Let us consider now the polygons A satisfying
(sx + 1)(x + t) A= O:
This equation can be written as
aj+2 =−1s ((st + 1)aj+1 + taj):
We may assume without loss of generality, that a0=1 and a2=k where (k 6= 1), because
the similarities with center 0 preserve both shape- and ane-regularity. Suppose that
st 6= 1: Let e =−1=t and f =−s: Then
aj =
1
e − f ((k − f)e
j − (k − e)fj):
(It follows from the solution of a linear recurring sequence over a nite eld, see e.g.
[8, Theorem 8:21].)
If A is shape-regular, then S(a1a0a2)=S(a2a1a3). After elementary calculations this
equation becomes
(k − e)(k − f) = 0:
We may assume that f= k. Then aj = ej; thus S(aj+1ajaj+2)=−e for all j: Hence A
is shape-regular. It is easy to check that A is ane-regular in this case if and only if
njq+ 1:
Suppose that (k − e)(k − f) 6= 0: Then A could not be shape-regular, but it could
be ane-regular. Now consider this latter case.
If A is ane-regular, then n is a divisor of p, q− 1 or q+1 by Corollary 2:7. But
there exist shape-regular n-gons, hence n divides q2 − 1 but does not divide q− 1 by
Corollary 2:3. These two conditions imply njq+ 1; hence eq+1 = fq+1 = 1:
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Let
Fm;n; j =
am − an
am+j − an−j :
The lines AmAn and Am+jAn−j are parallel if and only if Fm;n; j 2 GF(q); hence A is
ane-regular if and only if Fm;n; j 2 GF(q) for all m; n and j: The equation Fq0;1;1=F0;1;1
can be written as
k(e2f + ef2 + 1)− (e2f2 + e + f)
ef(k − 1) =
kq(e2f2 + e + f)− (e2f + ef2 + 1)
ef(kq − 1)
because eq = 1=e and fq = 1=f. After elementary calculations this equation becomes
(kq+1 − 1)(ef − 1)(e − 1)(f − 1) = 0:
But e 6= 1 and f 6= 1; thus there are two possibilities.
If ef = 1; then
aj =
1
e − 1=e

k

ej − 1
ej

−

ej−1 − 1
ej−1

:
We show that in this case
Fm;n; j =
am − an
am+j − an−j 2 GF(q)
for all m; n and j:
The equation Fm;n; j = F
q
m;n; j can be written as
k

em − en −

1
em
− 1
en

−

em−1 − en−1 −

1
em−1
− 1
en−1



kq

em+j − en−j −

1
em+j
− 1
en−j

−

em+j−1 − en−j−1 −

1
em+j−1
− 1
en−j−1

=

kq

em − en −

1
em
− 1
en

−

em−1 − en−1 −

1
em−1
− 1
en−1



k

em+j − en−j −

1
em+j
− 1
en−j

−

em+j−1 − en−j−1 −

1
em+j−1
− 1
en−j−1

:
It is easy to check that this is an identity.
If kq+1 = 1 then
aj =
1
e − f
(
(k − f)ej − (k − e)fj ; (5)
and
aqj =
ef
e − f

k − f
kfej
− k − e
kefj

: (6)
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Now Fm;n; j 2 GF(q) if and only if
(am − an)(aqm+j − aqn−j) = (aqm − aqn)(am+j − an−j):
Substituting from Eqs. (5) and (6) gives
− (k − f)
2
kfem+n
(em − en)(en−j − em+j)
+
(k − e)(k − f)
kfem+n
(fm − fn)(en−j − em+j)
+
(k − e)(k − f)
kefm+n
(em − en)(fn−j − fm+j)
− (k − e)
2
kefm+n
(fm − fn)(fn−j − fm+j)
=− (k − f)
2
kfem+n
(en−j − em+j)(em − en)
+
(k − e)(k − f)
kfem+n
(fm+j − fn−j)(en − em)
+
(k − e)(k − f)
kefm+n
(em+j − en−j)(fn − fm)
− (k − e)
2
kefm+n
(fn−j − fm+j)(fm − fn):
After elementary calculations this equation becomes
(k − e)(k − f)

1
em+nf
− 1
efm+n

((em+j − en−j)(fn − fm)− (fm+j − fn−j)(en − em)) = 0:
The cases k = e and k =f have already been examined. If em+n−1 =fm+n−1 holds for
all m and n, then e=f which is a contradiction. If (em+j − en−j)(fn−fm)− (fm+j −
fn−j)(en − em) = 0; then the special case n= 2; m= 1 and j = 2 already gives e= f:
Thus if e 6= f then the n-gon satisfying Eq. (4) is ane-regular but not shape-regular
if and only if ef = 1; which implies s= t.
Finally if e = f then aj+2 =−2eaj+1 − e2aj hence
aj =

k
e
− 1

j + 1

ej
(see e.g. [8, Theorem 8.23]).
The equation an = 1 gives
k
e
− 1

n+ 1

en = 1:
But en = 1; hence (k − e)n= 0; which implies k = e because p does not divide n:
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The translations and the similarities preserve both shape- and ane-regularity, hence
the following generalization of Barlotti’s theorem has been proved:
4.6. Theorem
Let A=A0A1 : : : An−1 be an n-gon in E and B=B0B1 : : : Bn−1 be the n-gon whose
vertices are the centers of shape-regular n-gons with shape s all erected on the sides
of A . Then B is shape-regular with shape −t if and only if A satises the equation
(x − 1)(sx + 1)(x + t) A= O;
hence
aj =
d
e − f ((k − f)e
j − (k − e)fj) + g;
where 0 6= d; g 2 F: A is ane-regular in two special cases:
 A is shape-regular and njq+ 1;
 s= t.
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